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We propose a method for entangling two non-interacting qubits by measuring their parity in-
directly through an intermediate mesoscopic system. The protocol is designed to require only
global control and course-grained collective measurement of the mesoscopic system along with lo-
cal interactions between the target qubits and mesoscopic system. A generalization of the method
measures the hamming weight of the qubits’ state and probabilistically produces an entangled state
by post-selecting on hamming weight one. Our technique provides a new design element that can
be integrated into quantum processor architectures and quantum measurement devices.
We show how a mesoscopic system (MS) can entangle
two qubits by measuring the parity of the two qubits’
wave-function. The role of the MS is to magnify the
qubits’ parity such that the distinguishability of the two
parity outcomes grows linearly with the MS’s size. The
initial state is separable over each qubit, and the qubits
interact only with the MS. Relying only on collective con-
trol of the MS, a low-resolution collective measurement is
still sufficient to prepare a post-selected entangled state
with high confidence.
A parity measurement is a two-outcome measurement
that determines whether an even or odd number of qubits
is in a particular logical state. For two qubits, each
prepared in an equal superposition state, a projective
measurement that reveals the qubits’ parity but pro-
vides no information on individual qubits creates a post-
selected entangled Bell state. Procedures for entangling
two qubits through parity measurement have been pro-
posed for different quantum systems [1–6] and performed
experimentally with superconducting qubits [7–10] and
nuclear spins next to a nitrogen-vacancy center in dia-
mond [11].
Here we propose implementing a projective parity mea-
surement on two qubits indirectly through a MS. The
MS in this model consists of identical two-level systems
over which we have collective control. This method lever-
ages local interactions between each qubit and the MS
and global control over the MS to correlate the two par-
ity states of the qubits with the distinguishable collec-
tive states of the MS. Global measurement of the MS
and post-selection then creates an entangled state on the
qubits due to the qubits’ correlation with the MS. This
indirect measurement must detect on the order of N ex-
citations, where N is the MS’s size, unlike single qubit
flip detection required in direct parity measurement of
qubits.
∗Electronic address: msmirkam@uwaterloo.ca
Previous proposals on entangling two qubits via an in-
termediate MS have used the MS to generate an effec-
tive interaction Hamiltonian between the target qubits
[12, 13]. In contrast, our novel approach relies solely on
indirect joint measurement of the qubits facilitated by
the MS. By relying only upon the measurement, the dis-
tinguishability of the states of the MS corresponding to
different parities of the qubits is a natural parameter for
the success of our protocol. This distinguishability can
be characterized over the classical probability distribu-
tions of the measurement outcomes. This characteriza-
tion helps us derive a rigid upper bound for entangle-
ment of the target qubits as a function of the MS’s size
and initial polarization. Our analysis complements on-
going efforts to control the quantum aspects of MSs for
quantum processing and metrology [12–18].
In this work we introduce the general scheme for in-
direct parity measurement of two qubits through a MS.
First, we present the general circuit consisting of the evo-
lution, measurement and post-processing steps and de-
termine the success criteria of the protocol. Second, we
explain the method with some idealized examples em-
phasizing on the role of the evolution step which magni-
fies the qubits’ parity in the collective state of the MS.
We show that collective control of the MS and local in-
teraction between the qubits and the MS is enough to
implement this magnification. Next, we discuss the mea-
surement step, demonstrating that a course-grained two
outcome collective measurement on the MS with post-
selection is sufficient for producing maximally entangled
states on the qubits. Finally, we consider the effect of
beginning with a non-ideal mixed initial state of the MS
and find a rigid upper bound on the qubits’ entanglement
caused by MS’s limited polarization.
FIG. 1 shows a schematic of the proposed indirect par-
ity measurement circuit. Each qubit is prepared in the
coherent |+〉 = 1√
2
(|0〉+ |1〉) state, and the MS is provi-
sionally prepared in the polarized state, |0〉⊗N . The MS
evolves conditional on the qubits’ state with the general
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2unitary, Uq,MS = |00〉〈00|q ⊗ UMS00 + |01〉〈01|q ⊗ UMS01 +
|10〉 〈10|q⊗UMS10 +|11〉 〈11|q⊗UMS11 , creating the following
entangled state of the qubits and MS,
|ψ〉q,MS =
1
2
(|00〉 ⊗ |ψ00〉+ |01〉 ⊗ |ψ01〉
+ |10〉 ⊗ |ψ10〉+ |11〉 ⊗ |ψ11〉) (1)
with |ψγ〉 = UMSγ |0〉⊗N for γ = 00, 01, 10, 11.
q1, |0〉 H
Uq,MS Vq,MSMMS, ρi ...
q2, |0〉 H


|ψ〉q,MS
FIG. 1: The general circuit of the parity measurement
through an intermediate MS.
The evolution is followed by a Positive-Operator Val-
ued Measure (POVM) of the collective excitation on the
MS and post-selection with the measurement operators
{Eα} and the state-update-rule, ρMS;α =
√
Eα.ρMS .
√
Eα
Tr(Eα.ρMS)
.
ρMS and ρMS;α are the MS’s states before and after the
measurement with post-selecting the outcome α, respec-
tively [25]. For a mesoscopic spin system, this measure-
ment corresponds to a total angular momentum measure-
ment. Adding the qubits, the state-update-rule becomes,
ρq,MS;α =
(12 ⊗
√
Eα).ρq,MS .(12 ⊗
√
Eα)
Tr((12 ⊗ Eα).ρq,MS)
Eα =
N∑
m=0
aα,mΠ(m), m = 0, 1, ..., N (2)
where Π(m) is the operator that projects into the sub-
space with m excitations and the coefficients aα,m satisfy
the conditions 0 ≤ aα,m ≤ 1 and
∑
α aα,m = 1, so that
the POVM operators satisfy both the positivity, Eα ≥ 0,
and trace-preserving,
∑
αEα = 1, conditions.
To measure the target qubits’ parity, the combination of
the evolution and measurement must be such that the two
pairs of states {|ψ01〉 , |ψ10〉} and {|ψ00〉 , |ψ11〉}, called
the odd and even pair, respectively, are discerned by the
measurement but the states in each pair are not.
With this criterion, the measurement and post-
selection project the target qubits’ state into even or
odd parity subspaces due to its correlation with the MS’s
state. If the MS’s states within the odd and even pair
are identical, post-selection on the measurement outcome
ideally updates the state of the qubits to one of the two
maximally entangled Bell states, |e+〉 := 1√2 (|00〉+ |11〉)
or |o+〉 := 1√2 (|01〉+ |10〉), each with a probability of 12 .
However, if the odd or even pair states are not identical, a
post-processing gate is required to disentangle the qubits
from the MS (gate Vq,MS in FIG. 1). Thus, different and
even orthogonal states in each pair are acceptable at the
price of an extra gate after the measurement.
Even if measuring the MS distinguishes between the
even pair states, which corresponds to hamming weight
measurement of the target qubits, there is a 12 probabil-
ity that the qubits will end up in the entangled state |o+〉
with a hamming weight of one. The remaining outcomes
are hamming weights of zero and two, each with a prob-
ability of 14 and with the updated states |00〉 and |11〉,
respectively.
We evaluate the success of our method by the amount
of entanglement in the qubits’ state, quantified by the
fidelity, defined as the overlap of the qubits’ state, ρq1q2 ,
and the ideal maximally entangled state, |φ〉,
Fφ(ρq1q2) := Tr(ρq1q2 |φ〉〈φ|) = 〈φ| ρq1q2 |φ〉 . (3)
The fidelity ranges between 0 and 1. If Fφ(ρq1q2) >
1
2 ,
the state ρq1q2 is entangled and can be distilled towards
the maximally entangled state |φ〉 [19, 20].
FIG. 2 shows an idealized parity measurement circuit.
Two global pi-rotations on the MS, conditioned on the
state of each target qubit, correlate the target qubits’
parity with the MS’s collective excitation. The evolved
state of the target qubits and MS is,
|ψ1〉q,MS =
|00〉+ |11〉
2
⊗ |0〉⊗N + |01〉+ |10〉
2
⊗ |1〉⊗N . (4)
The odd pair states are equal to each other and are there-
fore indistinguishable by any measurement, as are those
of the even pair. Furthermore, the two pairs are max-
imally separated in the collective excitation spectrum,
and thus can be distinguished with the lowest resolution
global measurement.
u1|0〉 H •
e−i
pi
2
Jx e−i
pi
2
Jx M|0〉⊗N ...
|0〉 H •


u2 |ψ1〉q,MS
FIG. 2: An idealized example of indirect parity measurement.
During the evolution the MS’s qubits are rotated conditioned
on each external qubit’s state, sequentially. The operator
Jx =
∑
j σ
j
x where σ
j
x is the Pauli operator along x on the
j ’th qubit.
In order to flawlessly distinguish between the states
|0〉⊗N with m = 0 and |1〉⊗N with m = N num-
ber of excitations, it is sufficient that Tr(Eα.Π(0)) ×
Tr(Eα.Π(N)) = 0 for any measurement operator, Eα.
If this condition is not satisfied, the qubits’ state will be
perturbed from the maximally entangled states |e+〉 or
|o+〉. For example, if the measurement outcome is β, and
the probabilities corresponding to even and odd pairs are
pe,β = Tr(Eβ . |0〉〈0|⊗N ) and po,β = Tr(Eβ . |1〉〈1|⊗N )
where pe,β > po,β > 0, the qubits’ entangled state
is ρq1q2 =
pe,β
pe,β+po,β
|e+〉〈e+| + po,βpe,β+po,β |o+〉〈o+| with fi-
delity Fe+(ρq1q2) =
pe,β
pe,β+po,β
.
A variation of the circuit outlined in FIG. 2 measures
the hamming weight of the target qubits and illustrates
3the role of the post-processing gate. If during the evolu-
tion step, half of the MS’s qubits are flipped conditioned
on the first qubit’s state and the other half on the second
qubit’s state, the whole system evolves into the state,
|ψ2〉q,MS =
1
2
(|00〉 ⊗ |0〉⊗N + |01〉 ⊗ |0〉⊗N2 |1〉⊗N2
+ |10〉 ⊗ |1〉⊗N2 |0〉⊗N2 + |11〉 ⊗ |1〉⊗N ). (5)
Neither the odd nor even pair states are equal. How-
ever, the odd pair states share the same collective exci-
tation, m = N2 , and thus are indistinguishable by any
collective measurement. In contrast, the even pair states
have the maximum separation in the collective excita-
tion spectrum. Nevertheless, depending on the details
of the POVM on the MS, they may or may not be dis-
tinguished by the measurement, which correspond to in-
direct hamming weight and parity measurements of the
qubits, respectively. We illustrate the hamming weight
measurement here and later discuss the parity measure-
ment.
Suppose that the POVM on the MS distinguishes be-
tween m = 0, m = N2 and m = N number of exci-
tations. Then, post-selection on the outcome m = N2
projects the qubits’ state into the odd parity subspace,
1√
2
(|01〉 ⊗ |0〉⊗N2 |1〉⊗N2 + |10〉 ⊗ |1〉⊗N2 |0〉⊗N2 ), but the
state of the qubits is entangled with the MS’s state.
Thus, a disentangling gate is required to restore the co-
herence of the qubits’ state. A general choice for this
gate is to reverse the evolution step, leading to the state
1√
2
(|01〉 + |10〉) ⊗ |0〉⊗N , which includes the maximally
entangled |o+〉 state on the qubits, separable from the
MS’s state.
To perfectly distinguish the odd pair from both states
of the even pair, any measurement operator, Eβ , that
can select the odd pair, i.e., Tr(EβΠ(N/2)) 6= 0, must
not overlap with the even pair, i.e., Tr(EβΠ(0)) =
Tr(EβΠ(N)) = 0. If this condition is not satis-
fied, the fidelity of the updated state is Fo+(ρq1q2) =
2p01,β
2p01,β+p00,β+p11,β
where pγ,β = Tr(Eβ |ψγ〉〈ψγ |), with
γ = 00, 01, 10, 11, is the probability of the measurement
outcome β corresponding to the MS’s state |ψγ〉.
The two examples discussed require a collective rota-
tion of the MS controlled by the target qubits’ state. The
target qubits’ parity or hamming weight can also be en-
coded in the MS’s collective state by the local interaction
between each target qubit and its nearby qubit in the MS,
by preparing the MS in an entangled state prior to their
interaction. FIG. 3 shows this effect in its extreme limit.
First the MS is prepared in the maximally entangled GHZ
state, 1√
2
(|0〉⊗N + i |1〉⊗N ), by evolving under the collec-
tive unitary operation e−i
pi
4 Πjσ
j
x where σjx represents the
Pauli operator along x on the jth particle. Second, the
target qubits’ parity is encoded in the phase of the GHZ
state by applying two controlled-Z gates controlled by
each target qubit on its nearby qubit in the MS. This
global phase information is then transformed into pop-
ulation by reversing the first gate, leading to the state
|ψ1〉q,MS in equation 4, the same as the evolved state of
the first circuit.
|0〉 H •
e−i
pi
4
Πjσ
j
x
σz
ei
pi
4
Πjσ
j
x M|0〉
⊗N ...
σz
|0〉 H •


|0〉⊗N + i |1〉⊗N |ψ1〉q,MS
FIG. 3: Entanglement among the qubits in the MS and local
interaction with target qubits.
Similar to the first example, the qubits’ parity is cor-
related with the states of the MS that are maximally
separated in the collective excitation spectrum. This in-
fers that these two circuits use the maximum capacity of
the MS.
The evolution step is followed by a POVM of the MS.
A wide range of measurements could achieve the desired
goal. Here we show that to indirectly measure the qubits’
parity, a two-outcome POVM that distinguishes between
the odd and even pairs is sufficient. Consider the general
form of a two-outcome POVM of the collective excitation,
parametrized with an angle θ(m),
E0 =
∑
m
cos (θ(m))
2
Π(m), E1 =
∑
m
sin (θ(m))
2
Π(m)
(6)
Any two-outcome collective excitation measurement can
be written in this form by properly choosing the corre-
sponding function θ(m). According to Neumark’s dila-
tion theorem, any POVM on the system’s Hilbert space,
HS , can be realized operationally as a projector valued
measure (PVM) on an extended Hilbert space of the
system and an apparatus HS ⊗ HA [21]. This PVM
can always be realized, operationally, as a von Neu-
mann’s indirect measurement [22]. A von Neumann’s
indirect measurement consists of a unitary interaction
between the system and the apparatus, followed by a
PVM on the apparatus [23]. FIG. 4 shows such an in-
direct measurement for the POVM in equation 6. The
gate UM =
∑N
m=0 Π(m) ⊗ e−iθ(m)σ
a
y with Π(m) and σay
acting on the MS and the apparatus qubit respectively,
rotates the apparatus qubit by an angle that depends
on the MS’s collective excitation. Next a PVM is per-
formed on the apparatus qubit with the measurement
operators, Πa(0) = |0〉〈0| and Πa(1) = |1〉〈1|. The com-
bination of the above unitary evolution and PVM effec-
tively performs the POVM in equation 6 on the MS with
the state-update-rule in equation 2.
The gate UM can be conveniently realized through col-
lective linear interaction between the MS and the appa-
ratus qubit with the Hamiltonian HM = gJz⊗σay , where
the operator Jz is defined as Jz =
∑N
j=1(σ
j
z + 1
j)/2 =∑N
m=0mΠ(m). With this interaction, θ(m) = gmtM is
4!"|0⟩	'() !" = + Π - ⨂/012 3 45
67389Π: = |0⟩⟨0|, |1⟩⟨1|
FIG. 4: A simple two-outcome POVM for the MS im-
plemented through collective interaction with an apparatus
qubit.
proportional to the collective excitation of the MS, m;
where g and tM are the interaction strength and time,
respectively.
Based on the expected spectrum of the odd and even
pair states prior to the measurement, tM is chosen to
achieve the maximum contrast between the two pairs.
FIG. 5 shows the proper choices of θ(m) (tM ) for the ex-
amples discussed. For |ψ1〉q,MS , the two-outcome POVM
with θ(m) = pi2Nm (tM = pi/2Ng) flawlessly distin-
guishes between the two pairs, resulting in the updated
states |e+〉 ⊗ |0〉⊗N or |o+〉 ⊗ |1〉⊗N , with equal prob-
ability. For |ψ2〉q,MS , the POVM with θ(m) = piNm
(tM = pi/Ng) updates the qubits-MS state to
1√
2
(|00〉 ⊗
|0〉⊗N + |11〉 ⊗ |1〉⊗N ) or 1√
2
(|01〉 ⊗ |0〉⊗N/2 |1〉⊗N/2 +
|10〉 ⊗ |1〉⊗N/2 |0〉⊗N/2), with equal probability. These
states will be evolved into the separable states between
the qubits and the MS |e+〉 ⊗ |0〉⊗N and |o+〉 ⊗ |0〉⊗N
by the following disentangling gate. With this POVM,
the second example desirably measures the target qubits’
parity, not their hamming weight, since the two states
|0〉⊗N and |1〉⊗N are not distinguishable by the measure-
ment due to the cyclic form of the measurement operators
expansion.
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FIG. 5: (a) The collective excitation spectrum of the MS with
|ψ1〉q,MS and the expansion of the appropriate two-outcome
POVM. The measurement operator E0 (E1) selects the odd
(even) pair over the even (odd) pair perfectly. (b) Similar to
(a) but for the state |ψ2〉q,MS .
Next we discuss the mixed initial state of the MS; in
particular, we find an upper bound on the qubits’ entan-
glement when the MS is initially in the experimentally
relevant mixed state,
ρ =
(
1+ (1− )σz
2
)⊗N
(7)
where N is the number of particles in the MS and (1− )
is the polarization of each. Without loss of generality
we assume positive polarization; thus 0 < (1 − ) ≤ 1.
Consider the general indirect parity measurement circuit
depicted in FIG. 1. In deriving the upper bound imposed
by the initial state of the MS, we allow any collective
excitation measurement on the MS and any conditional
unitary evolution of the form,
Uq,MS = (|00〉〈00|+ |11〉〈11|)⊗Ve+(|01〉〈01|+ |10〉〈10|)⊗Vo.
(8)
The above unitary evolution guarantees that the odd pair
states equal each other as do the even ones; therefore, a
post-processing gate is not required. With a fixed evolu-
tion and measurement, the average fidelity over all mea-
surement outcomes is,
Favg :=
∑
α
pαFα(ρq1q2,α) (9)
where pα is the probability of the measurement outcome
α. ρq1q2,α is the updated state of the qubits after the
measurement on the MS with post-selecting the out-
come α, and Fα(ρq1q2,α) is defined as, Fα(ρq1q2,α) :=
max
(
Fo+(ρq1q2,α), Fe+(ρq1q2,α)
)
. This maximizing oc-
curs as one of the two entangled states |o+〉 or |e+〉 is
more probable depending on the measurement outcome.
The corresponding fidelity is the appropriate measure of
the entanglement.
The average fidelity is related to the two classical prob-
ability distributions of the measurement outcomes corre-
sponding to the states ρe = VeρV
†
e and ρo = VoρV
†
o of
the MS measured by the collective POVM {Eα}, as,
Favg(Vo, Ve, {Eα}) =
∑
α
1
2
max (po,α, pe,α) (10)
where po,α = Tr(ρoEα) and pe,α = Tr(ρeEα). See Ap-
pendix A for the derivation. Maximizing the average fi-
delity over all pairs of unitary operators, {Ve, Vo}, and all
collective POVMs, {Eα}, gives the entanglement’s upper
bound,
Favg,max := max
Vo,Ve{Eα}
Favg(Vo, Ve, {Eα}). (11)
This upper bound on the qubits’ entanglement has an
interesting physical interpretation as following. The
classical trace distance of two probability distribu-
tions is defined as Dc(~p1, ~p2) :=
1
2
∑
α |p1,α − p2,α| =∑
α max (p1,α, p2,α) − 1, [23, 24]. Thus the average fi-
delity can be written in terms of the classical trace dis-
tance between the probability distributions ~po and ~pe as,
Favg(Vo, Ve, {Eα}) = 1
2
(1 +Dc(~po, ~pe)) . (12)
The quantum trace distance between two states ρ1 and
ρ2 is defined as the maximum of the classical trace dis-
tance between their associated probability distributions
over all possible POVM measurements, Dq(ρ1, ρ2) :=
5max{Eα}Dc(~p1, ~p2). The quantum trace distance has an
important operational meaning. It quantifies how distin-
guishable the two states are by a single shot measurement
via the relation Pr(correctly inferring ρ1 over ρ2) =
1
2 (1 + Dq(ρ1, ρ2)) [23, 24]. According to equations 12
and 11 the entanglement’s upper bound is a function of
the quantum trace distance of the states ρo and ρe as,
Favg,max =
1
2
(
1 + max
Vo,Ve
Dq(ρo, ρe)
)
. (13)
Hence the desirable states, ρ?o = V
?
o .ρ.V
?†
o and ρ
?
e =
V ?e .ρ.V
?†
e , that maximize the average fidelity are the
ones that have the maximum quantum trace distance i.e.
are the most distinguishable with a single shot measure-
ment. Besides, the upper bound on the qubits’ entan-
glement is the probability of successfully distinguishing
between the states ρ?o and ρ
?
e of the MS with a single shot
measurement, Favg,max =
1
2 (1 +Dq(ρ
?
o, ρ
?
e)).
One choice for the states ρ?e and ρ
?
o are ρ
?
e = ρ =(
1+(1−)σz
2
)⊗N
and ρ?o =
(
1−(1−)σz
2
)⊗N
corresponding
to the gates V ?e = 1
⊗N and V ?o = e
−ipi/2Jx = σ⊗Nx ;
meaning that the best one can do is flipping all the two-
level systems in the MS conditioned on the parity of the
two target qubits similar to the circuit depicted in the
FIG. 1. In this case, the optimal measurement on the MS
is the PVM of the collective excitation, {E?α} = {Π(m)}
[26]. See Appendix B for the proof.
Replacing the above choices for ρ?e, ρ
?
o and {E?α} in the
average fidelity relation in equation 10 gives the upper
bound on entanglement as a function of the number of
particles in the MS, N , and their polarization, (1− ),
Favg,max =
∑
α
1
2
max(b(α;N, 1− 
2
), b(α;N,

2
))
=
{
B(N−12 ;N,

2 ) odd N
B(N2 − 1;N, 2 ) + 12b(N2 ;N, 2 ) even N
(14)
where the function b represents the probability density
function (PDF) and the function B represents the cumu-
lative distribution function (CDF) of the Binomial dis-
tribution. The second line follows the assumption that
 < 1. Appendix B provides a concrete general proof for
equation 14.
FIG. 6 displays the plots of the entanglement’s up-
per bound as a function of the number of qubits in
the MS and their polarization. Increasing the number
of qubits or average polarization raises Favg,max, as ex-
pected. Moreover, this bound is not limiting for physi-
cally realistic amounts of polarization e.g. with the po-
larization 1− = 0.5 and only 50 qubits the upper bound
is remarkably Favg,max = 0.9999.
In summary, we proposed a new procedure for entan-
gling two non-interacting qubits in interaction with an
intermediate mesoscopic system of identical two-level sys-
tems. The method is based on measuring the parity or
hamming weight of the qubits’ state indirectly by first
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FIG. 6: Upper bound on target qubits’ entanglement (a)
as a function of the number of qubits in the MS for different
polarizations, (b) as a function of the polarization for different
numbers of qubits in the MS .
coherently amplifying it in the collective state of the MS
and then measuring the MS. This generic method is not
limited to a specific MS or target qubit and is enabling
in systems where measurement-device sensitivity is inad-
equate to detect a single qubit flip.
We demonstrated that, by preparing the MS in an en-
tangled state, the local interaction between target qubits
and nearby qubit from the MS is enough to magnify the
target qubits’s parity in the collective state of the MS.
We discussed the measurement requirements and showed
that with an ideal initial state and evolution, a course-
grained two-outcome collective measurement of the MS
can result in maximally entangled states of the target
qubits. We derived a rigid upper bound on entanglement
of the target qubits imposed by the initial polarization of
the MS’s state and verified that our scheme performs well
even under limited polarization. Other experimental lim-
itations and imperfections such as available control and
T1 relaxation of the MS remain to be explored.
This work was supported by the Canada First Research
Excellence Fund (CFREF), the Canadian Excellence Re-
search Chairs (CERC) program and the Natural Sciences
and Engineering Research Council of Canada (NSERC)
Discovery program.
Appendix A: Average fidelity as a function of
classical probability distributions
Following the circuit 1 with the unitary evolution 8 the
state of the target qubits and the MS after the evolution
is:
ρq,MS =
1
2
(|o+〉〈o+| ⊗ ρo + |e+〉〈e+| ⊗ ρe (A1)
+ |o+〉〈e+| ⊗ χoe + |e+〉〈o+| ⊗ χeo)
where ρo = Vo.ρ.V
†
o , ρe = Ve.ρ.V
†
e , χoe =
Vo.ρ.V
†
e , χeo = χ
†
oe = Ve.ρ.V
†
o . According to the state
update rule 2, the state of the qubits after the measure-
ment, post-selection on the outcome α, and tracing over
6the MS is:
ρq1q2,α =
|o+〉〈o+|Tr(Eαρo) + |e+〉〈e+|Tr(Eαρe)
Tr(Eαρo) + Tr(Eαρe)
+
|o+〉〈e+|Tr(Eαχoe) + |e+〉〈o+|Tr(Eαχeo
Tr(Eαρo) + Tr(Eαρe)
:=
po,α |o+〉〈o+|+ pe,α |e+〉〈e+|+ ...
po,α + pe,α
(A2)
where po,α := Tr(Eαρo) and pe,α := Tr(Eαρe) are the
probabilities of the measurement outcome α correspond-
ing to the states ρo and ρe of the MS respectively. The
fidelity of the state ρq1q2,α with the odd and even parity
states is,
Fo+(ρq1q2,α) = Tr(ρq1q2,α |o+〉〈o+|) =
po,α
po,α + pe,α
Fe+(ρq1q2,α) = Tr(ρq1q2,α |e+〉〈e+|) =
pe,α
po,α + pe,α
.(A3)
Substituting in equation 9 we find the average fidelity for
a particular choice of the evolution gates, {Vo, Ve}, and
the measurement, {Eα},
Favg(Vo, Ve, {Eα}) =
∑
α
pα max
(
po,α
po,α + pe,α
,
pe,α
po,α + pe,α
)
=
∑
α
1
2
max (po,α, pe,α) . (A4)
The second equality follows the fact that the probability
of the outcome α is pα = Tr((12⊗Eα)ρq,MS) = 12 (po,α+
pe,α).
Appendix B: Proof for the Entanglement Upper
Bound
Here we prove that Favg,max given in equation 14 is
the upper bound on the entanglement of the target qubits
when the initial state of the MS is mixed state of the form
7. We also show that the unitary gates V ?o = e
−ipi/2Jx
and V ?e = 1
⊗N and the set of the measurement operators
{E?α} = {Π(m)} saturate this upper bound.
The initial state of the MS can be expanded as,
ρ =
(
1+ (1− )σz
2
)⊗N
=
(
(1− 
2
) |0〉〈0|+ ( 
2
) |1〉〈1|
)⊗N
=
N∑
j=0
qN−j(1− q)j
(Nj )∑
i=1
Pi
(
|0〉〈0|⊗N−j ⊗ |1〉〈1|⊗j
)
(B1)
where q is defined as q := 1 − 2 and Pi represents the
permutation operator and the summation over i is over
all permutations. In a compact form, ρ can be written
as:
ρ =
2N∑
k=1
ck |ψk〉〈ψk| (B2)
where {|ψk〉} = {|0〉⊗N , |0〉⊗N−1 ⊗ |1〉 , |0〉⊗N−2 ⊗ |1〉 ⊗
|0〉 , ..., |1〉⊗N} is the orthonormal basis along the quan-
tization axis (Z axis) and the set of the corresponding
coefficients is,
{ck} = {qN ,
(
N
1
)
times qN−1(1− q)
,
(
N
2
)
times qN−2(1− q)2, ..., (1− q)N}. (B3)
With the assumption that  < 1, q is bigger than 12 and
the above set of {ck} has a decreasing order.
Any unitary evolution rotates the orthonormal basis
{|ψk〉} to another orthonormal basis, but it does not
change the coefficients ck; therefore the evolved states,
ρo and ρe, have similar expansions,
ρo = VoρV
†
o =
2N∑
k=1
ck |φo,k〉〈φo,k|
ρe = VeρV
†
e =
2N∑
k=1
ck |φe,k〉〈φe,k| (B4)
where |φo,k〉 = Vo |ψk〉 and |φe,k〉 = Ve |ψk〉. With a fixed
POVM measurement, {Eα}, the probability distribution
of the measurement outcomes corresponding to the state
ρo is,
po,α = Tr (Eαρo) =
2N∑
k=1
ckTr (Eα |φo,k〉〈φo,k|)
=
2N∑
k=1
ao,αkck (B5)
The variable ao,αk := Tr (Eα |φo,k〉〈φo,k|) has the follow-
ing properties:
0 ≤ Eα ≤ 1 −→ 0 ≤ ao,αk ≤ 1∑
k
ao,αk = Tr(Eα
∑
k
|φo,k〉〈φo,k|) = Tr(Eα)∑
α
ao,αk = Tr((
∑
α
Eα) |φo,k〉〈φo,k|) = 1∑
k,α
ao,αk =
∑
k
Tr(1 |φo,k〉〈φo,k|) =
∑
k
1 = 2N (B6)
Similarly pe,α =
∑2N
k=1 ae,αkck with ae,αk :=
Tr (Eα |φe,k〉〈φe,k|) which has all the above properties.
Substituting the relations for po,α and pe,α in equation
7A4 the average fidelity is,
Favg =
1
2
∑
α
max
 2N∑
k=1
ao,αkck,
2N∑
k=1
ae,αkck

=
1
2
∑
α
sα 2N∑
k=1
ao,αkck + (1− sα)
2N∑
k=1
ae,αkck

=
1
2
2N∑
k=1
((∑
α
sαao,αk
)
+
(∑
α
(1− sα)ae,αk
))
ck
=
1
2
2N∑
k=1
(βo,k + βe,k) ck =
1
2
2N∑
k=1
βkck. (B7)
We introduce the coefficient sα, which acts as a switch; it
is equal to 1 if po,α ≥ pe,α and equal to 0 otherwise. We
also define βo,k :=
∑
α sαao,αk, βe,k :=
∑
α(1− sα)ae,αk
and βk := βo,k + βe,k. Note that
βo,k =
∑
α sαao,αk∑
α ao,αk = 1, 0 ≤ ao,αk ≤ 1
sα = 0, 1
 −→ 0 ≤ βo,k ≤ 1
(B8)
Similarly one can show that 0 ≤ βe,k ≤ 1; and thus
0 ≤ βk ≤ 2. Also note that the coefficients βk add up to
2N ,∑
k
βk =
∑
k
βo,k + βe,k (B9)
=
∑
k
(∑
α
sαao,αk +
∑
α
(1− sα)ae,αk
)
=
∑
α
(
sα
(∑
k
ao,αk
)
+ (1− sα)
(∑
k
ae,αk
))
=
∑
α
Tr(Eα)(sα + 1− sα) = Tr(
∑
α
Eα) = 2
N .
As a summary,
Favg =
1
2
∑
k
βkck with 0 ≤ βk ≤ 2 ,
2N∑
k
βk = 2
N .
(B10)
As mentioned before, the set of the coefficients {ck} is
fixed by the initial state and with q > 12 has the de-
creasing order displayed in equation B3. Thus in order
to maximize Favg one should choose βk = 2 for half of
ck with higher values and βk = 0 for the other half with
lower values, if possible, i.e.{
βk = 2 1 ≤ k ≤ 2N−1
βk = 0 2
N−1 + 1 ≤ k ≤ 2N . (B11)
This choice of βk results in the following maximum aver-
age fidelity and proves equation 14.
Favg,max (B12)
=

N−1
2∑
l=0
(1− q)lqN−l(Nl ) odd N
N
2 −1∑
l=0
(1− q)lqN−l(Nl )+ qN2 (1− q)N2 (NN2 ) even N
=
{
B(N−12 ;N, 1− q) odd N
B(N2 − 1;N, 1− q) + 12b(N2 ;N, 1− q) even N
=
{
B(N−12 ;N,

2 ) odd N
B(N2 − 1;N, 2 ) + 12b(N2 ;N, 2 ) even N
.
It is straight forward to show that the choices of V ?e =
1⊗N and V ?o = σ
⊗N
x and {E?α} = {Πα} saturates
the above upper bound for the average fidelity. The
probability distributions associated with the state ρ?e =
V ?e .ρ.V
?†
e = ρ = (
1+(1−)σz
2 )
⊗N and ρ?o = V
?
o .ρ.V
?†
o =
(1−(1−)σz2 )
⊗N are,
p?o,α = Tr(Παρ
?
o) = (1− q)αqN−α
(
N
α
)
(B13)
p?e,α = Tr(Π
?
αρ
?
e) = q
α(1− q)N−α
(
N
α
)
.
Since q > 12 , the max(p
?
e,α, p
?
o,α) is,
max(p?e,α, p
?
o,α) =
{
p?o,α = (1− q)αqN−α
(
N
α
)
α ≤ N2
p?e,α = q
α(1− q)N−α(Nα) α > N2 .
(B14)
Combining the above equality with the relation A4 for
the average fidelity, results in the maximum average fi-
delity as given in equation B12.
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